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Wigner Function Formalism

●Spin degree of freedom

●Vorticity and EM field 

contribution

●Quantum correlation: CME, 

CVE, spin polarization, Berry 
phase, etc.


●Non-equilibrium evolution


●Used in many fields
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Quantum Kinetic Theory

●Previously, mostly focused on fermions.

●Semi-classical expansion.

●Infinite size system.


●What (complete) quantum effect does a finite-size photon system have?
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Casimir Effect

●Effect of the quantum vacuum

●Finite size system

●Many recent advances: repulsive, lateral, 

torque, non-equilibrium, …

●Experimental observations since 1997
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Wigner Function

●The Wigner function for electromagnetic field





●Kinetic equation







●Gauge fixing (Lorenz gauge)


𝐺𝜇𝜈(𝑥, 𝑝) = ∫ 𝑑4𝑦𝑒−𝑖𝑝⋅𝑦⟨𝐴𝜇(𝑥 +
𝑦
2 )𝐴𝜈(𝑥 −

𝑦
2 )⟩

𝑝̄𝜎𝑝̄𝜎𝐴𝜇 − 𝑝̄𝜇𝑝̄𝜎𝐴𝜎 = 0
p̄μ = pμ + i∂μ/2

𝑝̄𝜇𝐺𝜇𝜈 = 0
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Quantum Kinetic Equation

●Transport equation




●Constraint equation




●Gauge fixing equation








●  real,  pure imaginary

𝑝𝜇𝜕𝜇𝐺±
𝜇𝜈 = 0

(𝑝2 − 𝜕2/4)𝐺±
𝜇𝜈 = 0

𝑝𝜇𝐺±
𝜇𝜈 + 𝑖𝜕𝜇/2𝐺∓

𝜇𝜈 = 0
𝐺±

𝜇𝜈 = (𝐺𝜇𝜈 ± 𝐺𝜈𝜇)/2
𝐺+

𝜇𝜈 𝐺−
𝜇𝜈
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Factorization



●On shell

●Polarization depends only on momentum

●Scalar-like real distribution function





       


  

𝐺±
𝜇𝜈(𝑥, 𝑝) = 𝐶±

𝜇𝜈(𝑝)𝑓±(𝑥, 𝑝)𝛿(𝑝2)

C+
μν =

pμpν

(p ⋅ u)2
−

pμuν + pνuμ

p ⋅ u
+ gμν

𝐶−
𝜇𝜈 = 𝑖𝜖𝜇𝜈𝜎𝜌

𝑝𝜎𝑢𝜌

2𝑝 ⋅ 𝑢
𝑢 ⋅ 𝐺𝜇𝜈 = 0
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Kinetic Equations











●Currents







●Energy-momentum tensor


𝑝 ⋅ 𝜕𝑓± = 0
𝜕2𝑓± = 0

(𝑝𝜇𝑢 ⋅ 𝜕 − 𝑝 ⋅ 𝑢𝜕𝜇)𝑓+ = 0

𝜖𝜇𝜈𝜎𝜌𝜕𝜈𝑝𝜎𝑢𝜌𝑓− = 0

𝑗𝜇 = 𝜕𝜇𝑓+

𝑗𝜇
5 = 𝑝𝜇𝑓−

𝑡𝜇𝜈 = 2𝑝𝜇𝑝𝜈𝑓+

Number density
Chiral imbalance

8郭星⾬｜华南师范⼤学 ｜第⼀届粤港澳核物理论坛



Finite Size Effect

●Two infinite plates at  and .


● 


●Energy per unit area between the plates





●Subtract continuous limit


𝑧 = 0 𝑧 = 𝑎

𝑝𝑧 =
𝑛𝜋
𝑎

ℇ = ∫
𝑑2𝑝⊥

(2𝜋)2 ∑
𝑛

𝑝2
⊥ + ( 𝑛𝜋

𝑎 )
2

𝑓+(𝑝)

Δℇ = ∫
𝑑2𝑝⊥

(2𝜋)2 (∑
𝑛

−∫ 𝑑𝑛) 𝑝2
⊥ + ( 𝑛𝜋

𝑎 )
2

𝑓+(𝑝)
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Finite Temperature

● 


●Casimir Force


        


𝑓+ =
1

𝑒𝜖𝑝/𝑇 − 1
+

1
2

𝐹𝑇 = −
𝜕Δℇ
𝜕𝑎

=
𝜋2

15
𝑇 4 −

𝜋2

𝑎4 ∑
𝑛

𝑛3

𝑒 𝑛𝜋
𝑎𝑇 − 1

−
𝜋2

240𝑎4

Continuous limit Vacuum contributionFinite T effect
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Finite Temperature

● 

●Free energy and internal energy





●Fully thermalized vs. adiabatic.

●Free energy only applies to equilibrium 

states.

𝑅(𝑎𝑇 ) = 𝐹𝑇 /𝐹0

ℇ = ℱ + 𝛽
𝜕ℱ
𝜕𝛽
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Non-equilibrium States

●Arbitrary initial distribution 

●Free-streaming solution





●Without collision, each photon propagates freely

𝑓0(𝑡0,
→𝑥 , 𝑝)

𝑓+ = 𝑓0(𝑡0,  →𝑥 −
→𝑝 0

𝜖𝑝
(𝑡 − 𝑡0), 𝑝)
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Non-equilibrium States

●Choose





              


●Light source at , turned off at .

𝑓0 = 𝑒−𝜖𝑝|
→𝑥 |

𝑓+(𝑡, →𝑥 , 𝑝) = 𝑒−|𝜖𝑝
→𝑥 −→𝑝 𝑡|

→𝑥 = 0 𝑡 = 0
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Non-equilibrium States

●Casimir force is now coordinate 
dependent


●We calculate the ratio at 

●Strong enhancement, with oscillation, 

then saturates quickly

 →𝑥 ⊥ = 0
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Conclusion

●We studied the Casimir effect in the medium in the frame of quantum 
kinetic theory.


●When the system is adiabatic, the Casimir force is suppressed by 
increasing temperature.


●In non-equilibrium the force oscillates and decays.

Outlook

●Different non-equilibrium set-ups.

●Possible measurements.
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Thank you!
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