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t ≡ x02 HAMILTONIAN DYNAMICS 19

Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x̃) = ||∂x/∂x̃||, particularly
d4x = J (x̃) d4x̃. We shall keep track of the Jacobian only implicitly. The three-volume
element dω0 is treated correspondingly.

All the above considerations must be independent of this reparametrization. The
fundamental expressions like the Lagrangian can be expressed in terms of either x or x̃.
There is however one subtle point. By matter of convenience one defines the hypersphere
as that locus in four-space on which one sets the ‘initial conditions’ at the same ‘initial
time’, or on which one ‘quantizes’ the system correspondingly in a quantum theory. The
hypersphere is thus defined as that locus in four-space with the same value of the ‘time-
like’ coordinate x̃0, i.e. x̃0(x0, x) = const. Correspondingly, the remaining coordinates
are called ‘space-like’ and denoted by the spatial three-vector x̃ = (x̃1, x̃2, x̃3). Because
of the (in general) more complicated metric, cuts through the four-space characterized
by x̃0 = const are quite different from those with x̃0 = const. In generalized coordinates
the covariant and contravariant indices can have rather different interpretation, and one
must be careful with the lowering and rising of the Lorentz indices. For example, only
∂0 = ∂/∂x̃0 is a ‘time-derivative’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P 0

which in general are completely different objects. The actual choice of x̃(x) is a matter
of preference and convenience.

2D Forms of Hamiltonian Dynamics

Obviously, one has many possibilities to parametrize space-time by introducing some
generalized coordinates x̃(x). But one should exclude all those which are accessible by a
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[Lan, Mondal, Jia, Zhao, Vary, PRD101,034024(2020)]

Valence Gluon Sea

BLFQ-NJL 0.489 0.398 0.113

[Ding et. al., BSE model 2019’] 0.48(3) 0.41(2) 0.11(2)

𝑥1 = 7
2

3
𝑑𝑥 𝑥1𝑓4,5,67 𝑥, 𝜇) , 𝑛 = 1, 2, 3, 4.
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[Lan, Fu, Mondal, Zhao, Vary, Phys. Lett. B 825 (2022) 136890] 
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𝜌 0.486 141
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𝑁567 = 14, 𝐾567 = 15,𝑀8 = 0:
𝑚$ = 0.39 GeV, 𝑚% = 0.60 GeV, 
κ = 0.65 GeV, 𝑏 = 0.29 GeV,
α = 0.29, 𝑚& = 5.69 GeV

⟩|meson = 𝑎 ⟩|𝑞 (𝑞 + 𝑏 ⟩|𝑞 (𝑞𝑔 + ⋯
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• ÆÇÈZÉÊËÌÍ�� <Î¦§

• D¤Q2ÏÐJF(Q2) ∝ 1/ Q2

⟩|𝜋 = 𝑎 ⟩|𝑞 (𝑞 + 𝑏 ⟩|𝑞 (𝑞𝑔 + ⋯

[Lan, Fu, Mondal, Zhao, Vary, Phys. Lett. B 825 (2022) 136890] 

Ψ 𝑝9 𝐽:;) 0 Ψ 𝑝 = p + p9 ) F(Q+)
[Brodsky & de Teramond, PRD 77:056007 (2008)]
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⟩|𝜋 = 𝑎 ⟩|𝑞 (𝑞 + 𝑏 ⟩|𝑞 (𝑞𝑔 + ⋯[Ruiz Arriola & Broniowski, PRD 66:094016 (2002)]
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[Jiangshan Lan, et al, in preparation ]
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𝜇<=>?@!AB>+ = 0.240 GeV+

𝜇<=>?@+ = 0.34 GeV+

Pion0-123-34

(1 − 𝑥)4.D

large 𝑥

𝒙 𝐠𝐥𝐮𝐨𝐧 = 𝟎. 𝟐𝟏𝟔; 𝒙 𝐯𝐚𝐥𝐞𝐧𝐜𝐞 𝒖 = 𝟎. 𝟑𝟗𝟐

𝒙 𝐠𝐥𝐮𝐨𝐧 = 𝟎;        𝒙 𝐯𝐚𝐥𝐞𝐧𝐜𝐞 𝒖 = 𝟎. 𝟓 (1 − 𝑥)<.OPQ
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[Lan, Fu, Mondal, Zhao, Vary, Phys. Lett. B 825 (2022) 136890] 
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⟩|𝜋 = 𝑎 ⟩|𝑞 (𝑞 + 𝑏 ⟩|𝑞 (𝑞𝑔 + ⋯

Ø ¤𝑥QIÝÒÓT×"pqÞÜ

Ø ßZ�«àáâã

Pion0-123-34

𝒙 @ 4 𝐆𝐞𝐕( Valence Gluon Sea

BLFQ 0.483 0.421 0.096

BLFQ-NJL 0.489 0.398 0.113

[BSE 2019’] 0.48(3) 0.41(2) 0.11(2)

[Lan, Fu, Mondal, Zhao, Vary, Phys. Lett. B 825 (2022) 136890] 

(1 − 𝑥)5%&''
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Drell-Yan7389
[S. D. Drell and T.-M. Yan, PRL (1970)]；
[Lan, Mondal, Jia, Zhao, Vary, PRD101,034024(2020)] 
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Ø �� [£¤¥¦§(FNAL E615, 444 & CERN NA3).

[nCTEQ 2015]
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[Jiangshan Lan, et al, in preparation ]
16



𝑑𝜎
𝑑𝑥$

|𝐽/𝜓 = 𝐹 _
-,ZY[, \[,]
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2𝑀1 ̅1
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+

𝑆

g𝜎-Z (𝑠,𝑚1
+, 𝜇`+ , 𝜇$+)𝑓-

a±(𝑥4, 𝜇$+)𝑓Zb(𝑥+, 𝜇$+)

[Chang, et al, PRD 102 (2020) 054024];
[Nason, et al, NPB 303 (1988) 607];
[Mangano, et al, NPB 405 (1993) 507]

Ø �� [£¤¥¦§
(FNAL E672, E706, E705, 
CERN NA3,WA11).

[nCTEQ 2015]

⁄𝐽 𝜓ST7389 𝜋± 𝑁 → ⁄𝐽 𝜓 𝑋

CEM

Ø àáQggäå

Ø =æ�`QpionçZèé

Ø =æêZëQì

[Lan, Fu, Mondal, Zhao, Vary, Phys. Lett. B 825 (2022) 136890] 
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[nCTEQ 2015]

𝜋± 𝑁 → ⁄𝐽 𝜓 𝑋

[Jiangshan Lan, et al, in preparation ]
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Pion0-156JK
⟩|𝜋 = 𝑎 ⟩|𝑞 (𝑞 + 𝑏 ⟩|𝑞 (𝑞𝑔 + ⋯

⟩|𝜋 = 𝑎 ⟩|𝑞 (𝑞 + 𝑏 ⟩|𝑞 (𝑞𝑔 + 𝑐 ⟩|𝑞 (𝑞𝑞(𝑞 + ⋯!"#

𝐹+a 𝛽, 𝜇+ =_
[,]

𝑒[+𝛽{𝑓[a 𝛽, 𝜇+ + 𝑓\[a 𝛽, 𝜇+ +
𝛼c 𝜇+

2𝜋
[𝐶[,+⨂ 𝑓[a + 𝑓\[a + 2𝐶],+⨂𝑓]a]}

[Lan, Mondal, Jia, Zhao, Vary, PRD101,034024(2020)]

¦ÉBLFQ-NJLbðñò
Ø ¨©�óôõ

Ø D¿𝑥ÏÐJßZ�ö÷øùú

𝜇 = 2𝑚1 = 3 GeV

[Jiangshan Lan, et al, in preparation ]
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Pion0-1UV23-34
⟩|𝜋 = 𝑎 ⟩|𝑞 (𝑞 + 𝑏 ⟩|𝑞 (𝑞𝑔 + ⋯

Ø Ø"|𝑞 (𝑞𝑔⟩QäåJ÷øD¿ 𝑥 ÏÐbâY
Ø D¤ 𝑥 ÏÐIÝÉÊû
Ø �"¤Q−𝑡Jü�«D¤ 𝑥 ÏÐ

[M. Diehl, Phys. Rep. 388 (2003) 41-277]

÷ø ßZ

[Jiangshan Lan, et al, in preparation ]
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⟩|𝜋 = 𝑎 ⟩|𝑞 (𝑞 + 𝑏 ⟩|𝑞 (𝑞𝑔 + ⋯[M. Diehl, Phys. Rep. 388 (2003) 41-277]

)*+,-.The impact parameter distributions (IPDs)

Pion0-1UV23-34

÷ø ßZ

[Jiangshan Lan, et al, in preparation ]
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[Jiangshan Lan, et al, in preparation ]

Pion0-1WXY,34
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⟩|𝜋 = 𝑎 ⟩|𝑞 (𝑞 + 𝑏 ⟩|𝑞 (𝑞𝑔 + ⋯[Boer & Mulders PRD 57 (1998) 5780]
[Pasquini et al, PRD 90 (2014) 014050]

• �«>𝑘*âãþÿú
• D𝑘* ~ 0.7 GeV !J"#

Pion0-1Z[\,]^23-34

÷ø ßZ

[Jiangshan Lan, et al, in preparation ]
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ü 𝜋UBVAB-.C0.2 < 𝑥 < 0.6ghijklCm𝑥ghno
ü X<=Drell-Yanpqr-st@ 𝐽/𝜓uvr-st
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