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Nuclear force-basic input in nuclear physics
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Few-body methods
𝑇 = 𝑉 + 𝑉𝐺𝑇

……

Density Functional Theory

Quantum Field Theory

ℒ𝐸𝐹𝑇 = 𝜓∗ 𝑖ℏ
𝜕

𝜕𝑡
+

ℏ
2𝑚

𝛻2 𝜓 +
𝐶0

2
(𝜓∗𝜓)2+
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(𝜓∗𝜓)3+⋯

Quark
𝟏𝟎−𝟏𝟗m

Nucleus
（1-10）𝟏𝟎−𝟏𝟓m

DRUP DDNP 2010

Comprehensive understanding of nuclear force necessary

ℒ = ത𝑞 𝑖𝛾𝜇𝐷
𝜇 −𝑀 𝑞 −

1

4
𝐺𝜇𝜐𝑎𝐺𝜇𝜐𝑎 +⋯

Shell model, IMSRG, …

(Input: effective interaction)

Theoretical laboratory of nuclear physics



• Non-perturbative 

(low energy)-unsolvable

➢ D.o.f.: quarks & gluons / hadrons

➢ Couplings αs>1

Nuclear force from QCD
Quarks & gluons Hadrons

• Call for new methods 

(QCD based)

1. Lattice QCD

2. (Chiral) Effective field theory
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Why chiral nuclear force (NF) ?

• Connection to QCD - symmetries (chiral & breaking)

➢ ℒ𝑸𝑪𝑫 → ℒ𝝌𝑬𝑭𝑻~σ𝝊 𝒄𝝊 × ℒ𝝌𝑬𝑭𝑻
(𝝊)

• Relevant nuclear physics degrees of freedom

➢ QCD: quarks & gluons → Chiral: hadrons (non-linear realization)

• Systematic expansion parameters

➢ QCD: αs → Chiral: Τ𝑄 Λ𝜒 (Λ𝜒, 𝑚𝑁~1GeV, 𝑄~ 𝒑, 𝑞,𝑚𝜋)

• Error estimation
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(Compared to phenomenological models)



2018

Beijing-Chengdu-Munich (LO covariant)
• CPC 42(1): 014103 (2018)

2022

Beijing-Munich (N2LO covariant)

• PRL 128 142002, (2022)
2020

Idaho (N5LO)

• Front. in Phys. 8: 57 (2020)

2015~2018

Idaho & Juelich-Bochum 

(N4LO)

• PRL, 115(12): 122301 (2015)

• EPJA 54(5): 86 (2018)

• PRC 96(2): 024004 (2017)

2003~2005

Idaho & Julich-Bochum 

(N3LO, high precision)

• PRC 68: 041001 (2003)

• NPA 747: 362 (2005)

2000

Epelbaum, Glockle and Meissner 

(N2LO, non-local regulator)
• NPA 671: 295 (2000)

1997

Kaiser et al.

(TPEP in DR, high partial waves)
• NPA 625: 758 (1997)

• NPA 637: 395 (1998)

1994

Ordonez, Ray and van Kolck

(N2LO, Δ-full, local regulator)
• PRL 72: 1982 (1994)

• PRC 53: 2086 (1996)

1990

Weinberg

• PLB 251: 288 (1990)

• NPB 363: 3 (1991)

• PLB 295:114 (1992)

Historical overview of chiral NF
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Chiral NF vs. Phenomenological NF

Phenomenological Non-relativistic chiral

Reid93 CD-Bonn LO NLO N2LO N3LO

Parameters 50 38 2 9 9 24

𝜒2/datum 1.03 1.02 94 36.7 5.28 1.27

D. Entem et al. PRC 96 024004 (2017) 
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• Chiral NF (model independent) comparable to phenomenological NF in precision
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Parameters 50 38 2 9 9 24

𝜒2/datum 1.03 1.02 94 36.7 5.28 1.27

D. Entem et al. PRC 96 024004 (2017) 

9

• Chiral NF (model independent) comparable to phenomenological NF in precision

• Done ?



Chiral NF vs. Phenomenological NF

Phenomenological Non-relativistic chiral

Reid93 CD-Bonn LO NLO N2LO N3LO

Parameters 50 38 2 9 9 24

𝜒2/datum 1.03 1.02 94 36.7 5.28 1.27

D. Entem et al. PRC 96 024004 (2017) 
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• Chiral NF (model independent) comparable to phenomenological NF in precision

• Done ? – no (yet)  RG, Ay puzzle, …



Why covariant chiral NF?

• NR chiral NF cannot be used in covariant nuclear methods

• Bare NF input for covariant methods：Bonn potential

➢ Model independent ?

➢ Error estimation ?

11

F. Sammarruca et al. PRC 86 054317 (2012)



Why covariant chiral NF?

• NR chiral NF cannot be used in covariant nuclear methods

• Bare NF input for covariant methods：Bonn potential

➢ Model independent ?

➢ Error estimation ?

Call for covariant chiral NF! 12

F. Sammarruca et al. PRC 86 054317 (2012)



Covariant chiral NF - feasibility

• LO covariant ≈ NLO non-relativistic（J=0, 1）

13

Good, but enough?



Covariant chiral NF - feasibility

• LO covariant ≈ NLO non-relativistic（J=0, 1）

14

Good, but enough?- No !



Covariant vs. non-relativistic NF

Chiral Nuclear Force Precision

LO LO covariant NLO N2LO
NLO/N2LO
covariant

(expectation)
N3LO

Parameters 2 4(5) 9 9 17 24

𝜒2/datum 94 ←here→ 36.7 5.28 ~ 1 ? 1.27

15
NLO/N2LO covariant chiral NF on the schedule 



Higher order Feynman Diagrams

• Two-nucleon contact terms（short range）
• Pion-nucleon vertices
• Two-pion exchange (medium range)

Key inputs

16
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Covariant Lagrangian

 Symmetries

– Lorentz

– Chiral

– Charge (C), Parity (P), Time reversal (T) 

Hermitian conjugation (H.c.)

 Power counting

 Equation of motion (EOM)

• Remove redundant terms

18



Covariant Lagrangian - Symmetries

• Lorentz: 𝛼, 𝛽, 𝛾 ……

• Chiral: Matter field 𝜓 → 𝐾𝜓

• Hermitian: No additional constrain

• Parity & Charge: Important !

• Time reversal: CPT theorem

✓ ി𝜕𝛼 = Ԧ𝜕𝛼 − ശ𝜕𝛼

✓ 𝜕𝛼 = 𝜕𝛼( ത𝜓Γ𝜓)

Operators transform properties

Guide

19



Covariant Lagrangian – Power counting
• Expressions:

• Nucleon filed: 𝜓 = 𝑝
𝑛
~𝑂 𝑝0 , nucleon mass: 𝑚~𝑂 𝑝0 ,

• Clifford Algebra: 𝛤 ∈ 1, 𝛾𝜇, 𝛾5𝛾𝜇, 𝜎𝜇𝜈~𝑂 𝑝0 , 𝛾5~𝑂 𝑝1

• Nucleon momentum: 𝜕 ത𝜓𝛤𝜓 ~𝑂(𝑝1), ത𝜓ി𝜕𝜓 ~𝑂 𝑝0

• One problem:

𝑁𝑑：4 momentum number， ി𝜕 = Ԧ𝜕 − ശ𝜕

Two-nucleon contact 
Feynman diagram

~ 𝑂 𝑝0 + 𝑂 𝑝2
𝑛

• Solution:

-up to 𝑂 𝑝2 ∶ 𝑛 = 0,1;

-up to 𝑂 𝑝4 ∶ 𝑛 = 0,1,2.

20

𝑂 𝑝0



Covariant Lagrangian - EOM

 EOM:

 Further application：

 Summary (part):

– 𝛾5𝛾
𝜇 ⟺ 𝜖𝜇𝜈𝛼𝛽𝜎

𝛼𝛽ി𝜕𝜈;

– 𝜎𝜇𝜈 ⇔ 𝜖𝜇𝜈𝛼𝛽𝛾5𝛾
𝛼ി𝜕𝛽;

– 𝜖𝜇𝜈𝛼𝛽 ത𝜓ി𝜕𝜇ി𝜕𝜈 …𝛤𝜓 = 0;

– ……

N. Fettes et al. Annals Phys. 283:273 (2000)
21

ℒ𝜒𝐸𝐹𝑇 Θ𝑖 = Γ′𝜆𝜕𝜆
𝑛𝑖 ≈ −𝑖𝑚ℒ𝜒𝐸𝐹𝑇 Θ𝑖 = Γ𝜕𝑛𝑖−1

𝛾𝜇𝜕𝜇𝜓 = −𝑖𝑚𝜓 + 𝒪(𝑞)



N3LO covariant Lagrangian

Covariant: 40 vs. Non-relativistic: 24 22Yang Xiao et al. PRC 99 024004 (2019)
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Two-pion exchange up to N2LO

 Covariant chiral Lagrangian:

 Feynman diagrams：

(𝑸/𝚲)𝟐

(𝑸/𝚲)𝟑

24

ℒ𝜋𝑁
(1)

= ഥ𝑁 𝛾𝜇𝐷𝜇 −𝑚𝑁 +
𝑔𝐴
2
𝛾𝑣𝑢𝑣𝛾5 𝑁,

ℒ𝜋𝑁
(2)

= 𝑐1 𝜒+ ഥ𝑁𝑁 −
𝑐2

4𝑚𝑁
2 𝑢𝜇𝑢𝑣 ഥ𝑁𝐷𝜇𝐷𝑣𝑁 + H. c. +

𝑐3
2

𝑢2 ഥ𝑁𝑁 −
𝑐4
4
ഥ𝑁𝛾𝜇𝛾𝑣 𝑢𝜇, 𝑢𝑣 𝑁.



Chiral potentials

𝑉𝑁𝑁
(2)

= ത𝑢1 ത𝑢2{ }𝑢1𝑢2

𝑉𝑁𝑁
(3)

= ത𝑢1 ത𝑢2{ }𝑢1𝑢2

𝑢 𝒑, 𝑠 = 𝑁
1

𝝈 ∙ 𝒑

𝐸 + 𝑚𝑁

𝜒𝑠, 𝑁 =
𝐸 +𝑚𝑁

𝑚𝑁

25

ത𝑢1 ത𝑢2𝑢1𝑢2 ≔ ത𝑢1𝑢1 ത𝑢2𝑢2



T matrix & phase shifts

 On-shellT matrix：in leading order perturbation theory (for high waves)

𝑇𝑁𝑁 = 𝑉𝑁𝑁

 Phase shifts:

Study relativistic correction (parameters free)

(Dirac spinors vs. Pauli spinors)

𝛿𝐿𝑆𝐽 = −
𝑚𝑁
2 𝒑

16𝜋2𝐸
Re 𝐿𝑆𝐽 𝑇𝑁𝑁 𝐿𝑆𝐽 ,

𝜖𝐽 =
𝑚𝑁
2 𝒑

16𝜋2𝐸
Re 𝐽 − 1,1, 𝐽 𝑇𝑁𝑁 𝐽 + 1,1, 𝐽 .



D wave phase shifts

Yang Xiao et al. PRC 102 054001 (2020) 27

Band: renormalization scale

0.5 ~ 1.5 GeV

➢ No S & P waves: contact terms dominate

✓ Quantitatively better

✓ 𝜖2 improved

✓ D wave contact terms important

(non-relativistic no contact terms at this order)



F & G wave phase shifts

✓F wave: relativistic corrections

sizeable ( 3𝐹2,
1𝐹3 &

3𝐹3 )

✓Higher partial waves: relativistic 

corrections insignificant

28

Band: renormalization scale 0.5 ~ 1.5 GeV



F & G wave phase shifts

✓F wave: relativistic corrections

sizeable ( 3𝐹2,
1𝐹3 &

3𝐹3 )

✓Higher partial waves: relativistic 

corrections insignificant

29

Band: renormalization scale 0.5 ~ 1.5 GeV

Relativistic corrections improve data description for all partial waves quantitatively
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Higher order Feynman Diagrams

• Two-nucleon contact terms（short range）
• Pion-nucleon vertices
• Two-pion exchange (medium range)

Key inputs
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Neutron-Proton Phase Shifts

32

✓ Characteristics 

➢ High precision

• NNLO covariant ≈ N3LO Heavy Baryon

➢ Good convergence

• NLO ≈ NNLO (<200 MeV)

➢ Convincing theoretical uncertainties 

• Bayesian  method

Jun-Xu Lu et al., PRL128 142002, (2022)
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Summary

1. Construct 𝑂(𝑞4) covariant NN contact chiral Lagrangian

➢40 terms & consistent with non-relativistic after reduction 

2. Covariant two-pion exchange

➢Relativistic corrections improve data description especially for F wave

3. NNLO covariant chiral nuclear force

➢High precision, good convergence & convincing error estimation 

34



Outlook

1. Lagrangian with isospin breaking terms for nn & pp scattering

2. TPE with Delta & Roper

3. (Covariant) RG invariance

4. Input for nuclear structure & reactions methods

5. Covariant microscopic optimal potentials

35

Thank you !
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EFT – effective theory for underlying theory 

• Main idea

Low-energy physics independent of details of high-energy physics

• How to construct EFT

➢Identify soft / hard scales & d.o.f.s

Q (soft/low energy scale)，Λ (hard/high energy scale)

➢Construct the Lagrangian incorporating relevant symmetries

Lorentz, chiral, … 

➢Design power counting rule 
37



EFTs for nuclear physics (few nucleons)

38
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Nucleon number

Soft Scales (Q)                                                 Hard Scales (Λ)

Τ1 𝛼𝑠 𝑚𝜋 𝛿 = 𝑚∆ −𝑚𝑁 𝜌 = 𝑚𝑅 −𝑚𝑁 𝑚𝜌,𝜔 𝑚𝑁

1

2 Pionless EFT 
(𝑄 ≪ 𝑚𝜋) 

Chiral EFT 
(𝑄~𝑚𝜋)

ChPT
(𝑄~𝑚𝜋)

Τ1 𝛼𝑠 associated with 
nuclear binding energy



Self consistent check

 Non-relativistic reduction: Expand nucleon field in 1/m

• Covariant field

• Non-relativistic field:

• Expansion:

39
Covariant = non-relativistic after reduction!



Non-relativistic two-pion exchange
Dash：one-pion exchange (OPE), solid: OPE + two-pion exchange (TPE), dotted: data

• 1F3 & 3F3 improved
• >= G partial waves good
➢ TPE important (medium range NF)

Covariant TPE ? 

N. Kaiser et al. NPA 625 758 (1997)
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Complexities of covariant potentials

Field

Propagators

Operators

𝑢 𝒑, 𝑠 =
𝐸 +𝑚𝑁

𝑚𝑁

1
𝝈 ∙ 𝒑

𝐸 +𝑚𝑁

𝜒𝑠 vs. 𝑁 𝑠 = 𝜒𝑠

𝛾𝜇 = 𝛾0, Ԧ𝛾 vs. 𝑆𝜇= (0,
𝝈

2
)(in rest frame)

1

𝛾 ∙ 𝑝 − 𝑚𝑁 + 𝑖 𝜀
vs.

1

𝑆 ∙ 𝑝 + 𝑖 𝜀

𝛾0 =
1 0
0 −1

, Ԧ𝛾 =
0 𝝈
−𝝈 0

Covariant potentials much complex 
than non-relativistic potentials

ത𝑢1 ത𝑢2𝑢1𝑢2 = 𝑁1
†𝑁1𝑁2

†𝑁2 1 +
𝐸 + 𝐸′

4𝑚𝑁
+
𝐸𝐸′

4𝑚𝑁
2

−
1

4𝑚𝑁
2 (𝑁1

†𝝈 ∙ 𝒑′𝝈 ∙ 𝒑𝑁1𝑁2
†𝑁2 + 𝑁1

†𝑁1𝑁2
†𝝈 ∙ 𝒑′𝝈 ∙ 𝒑𝑁2)

+
𝑁1
†𝝈 ∙ 𝒑′𝝈 ∙ 𝒑𝑁1𝑁2

†𝝈 ∙ 𝒑′𝝈 ∙ 𝒑𝑁2

4𝑚𝑁
2𝐸𝐸′

Bilinear: (one simplest example)

Kinematics: (TPE)
𝑓 𝑝, 𝑝′, 𝑚𝑛, 𝑚𝜋 vs. 𝑔(𝑞,𝑚𝜋)

Potentials = bilinear × kinematics

41

covariant vs. non-relativistic

6 terms vs. 1 term



Numerical details

𝒈𝑨 𝑓𝜋 (GeV) 𝑐1(GeV
−1) 𝑐2(GeV

−1) 𝑐3(GeV
−1) 𝑐4(GeV

−1)

Covariant 1.29 0.0924 −1.39 4.01 -6.61 3.92

Non-
Relativistic

1.29 0.0924 -0.9 ~ -5.3 3.6

42
• Covariant LECs from Y. H. Chen, D. L. Yao, and H. Q. Zheng, PRD 87, 054019 (2013).
• NR LECs from V. Bernard, N. Kaiser, and U. G. Meißner, NPA 615, 483 (1997).



S wave TPE phase shifts (perturbative) 
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P wave TPE phase shifts
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Observables
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Observables
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Cut off

47J. Hoppe et al., PRC 96 5, 054002 (2017)



Weinberg eigenvalue

48
J. Hoppe et al., PRC 96 5, 054002 (2017)


